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logarithmic potentials. We also establish related results and present an example.
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1. INTRODUCTION
Let Q be convex on R, with
min Q =0,
R

and with Q growing at oo faster than log |x|. Then Q admits the represen-
tation

(1.1 o(x)= Loo gs,(x) dr, xeR,

where {S,} is a suitable increasing sequence of compact intervals and gg_
denotes the Green function for C\ S, with pole at co. This representation
was discovered by Rakhmanov [14], and it turned out to be indispensable
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in the study of orthogonal polynomials for the weight W = exp(—Q), and
in several other contexts [2], [6], [7]. Actually (1.1) was proved in [14]
for a special class of convex Q. The general result was announced in [3].

Inspired by that paper, the authors proved (1.1) in [9], using results of
Totik [17] on equilibrium measures for the family of weights {w*},. ,. This
was then applied in studying orthogonal properties for non-even weights. A
far reaching generalisation of (1.1) appeared in a recent paper of Buyarov
and Rakhmanov [4]. They proved that (1.1) holds (for x € {J, S, = R), for
example, for any continuous function Q, and beyond. Note that (1.1) may
be rewritten as

(1.2) O(x) = f:’ {log _ U“”(x)} dr

1
cap S,

T

where

U (x) = j log [~ dos.(5)

is the (logarithmic) equilibrium potential for the set S..

Since the study of rational functions is intimately connected with Green
potentials, there is good reason to believe that an analogue of (1.2) for
Green potentials will be useful for problems involving rational functions,
just as (1.2) is useful for problems involving polynomials. For a wide class
of functions Q on a set E (that is not necessarily a real interval) in a
domain G< C, we show that there is a suitable increasing family of
compact sets S, = E, 7 > 0, such that for >0 and z € S,,

(1.3) 0(z) = j{ —V“’fG(z)}dr

capG

Here cap; S, denotes the Green capacity for the set S,, and if g(z, &)
denotes the Green’s function for G with pole at &,

Vol(z) = L g(z, &) dw?(&)

denotes the Green potential for the Green equilibrium measure w?¢ for S,.
We emphasise that in the sequel the symbol V" is associated with Green
(and not logarithmic) potentials.
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Since {S,},., is increasing, so that the integrand in (1.3) is 0 for 7 >¢,
one also deduces from (1.3) that

0 1 G
(1.4) Q(z)=j0 {Cap S—V“’f(z)}dr, ze .-y S..

But what is a suitable {S,},.,? This is easy to explain. We have

Lt wa(z) dr = fot [L g(z, &) dw? (&) ] dr.

Hence if we define the measure g, on S, by

(1.5) U, :=Lt ¢ dr,

we obtain, by Fubini, that

(16) [, v @ dr=] g & du@=r").

where V'# is the Green potential of u,. We also see from (1.5) that

1,(S,) = fo w9(S,) dt = L dr=1.

(Recall that w¢ has mass 1 and is supported on S, = S,). Thus g, has mass
t, and is supported on S,. Now assuming that (1.3) holds, we obtain from
(1.6) that

a7 Vi(z)+Q0(2) =c,, zes,,
where we set

t dt

1.8 = .
(1.8) “= cap; S,

Moreover, assuming, for the moment, that

E={ S

>0
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(which is not always the case), and keeping in mind that

G 1
1.9 Ver(z) S ———, zeQ@,
capg S
we obtain from (1.4) that
(1.10) VE(z)+ Q(z) = ¢, zeE.

The relations (1.7), (1.10) imply that g, is the Green equilibrium measure of
mass ¢ for the external field Q. Hence if (1.3) holds, then the set .S, must
coincide with the support of y,.

In the next section, we describe the class of functions for which (1.3) will
be proved, and present the main theorem. We also recall some basic
notions and results from potential theory. The rest of the paper is devoted
to proofs. We could prove (1.3) using the above-mentioned results of Totik
(which can be extended to deal with Green potentials), but we preferred to
follow the same steps as in [4], thereby obtaining some other useful results,
parallel to those proved in [4].

2. PRELIMINARIES AND MAIN THEOREM

Let G be any domain in C, whose boundary 0G has positive capacity,
and let g(z, £) denote the Green function for G with pole at £. So g is
characterized by the following properties:

(1) As a function of z, with & fixed, g(z, &) is non-negative,
subharmonic in C\ {¢} and harmonic in G\ {¢};

(i) g(z, &)+log |z— €| remains bounded as z — &;

(iii) g(z, &) =0 for g.e. ze€ 0G where q.e. (quasi-everywhere) means
except for a set of capacity 0.

Given a finite positive measure u on G, we recall that its Green potential
V'#is defined by

Vi) =gz O du©, zeG.
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The support of u will be denoted by S,, and we always assume that S, is a
compact subset of G. Such a V* is ls.c. (lower semi-continuous) and
superharmonic in G. Also

2.0 lim V#*z)=0 forq.e. xe€0G.

z->x€dG

Hence by the minimum principle, V# > 0 in G (but may attain the value o).

Furthermore, V'* is continuous in the fine topology (this is the weakest
topology making all potentials continuous). This implies that for any z, € G
and any ¢ > 0, the set

2.2) (zeG: [VH2)—VHz)| > ¢}

(with obvious adjustment for the case V'#(z,) = o0) is thin at z,. All these
notions and facts can be found in, for example, [ 16, Chapters 1, 2] or [8,
Theorem 5.11]. When using the fine topology, we shall say so. Thus, unless
otherwise mentioned, all limits and topological notions are with respect to
the usual Euclidean topology.

Given a function Q : E —» (—o0, o0], we say that Q is admissible on E if
the following properties hold for E and Q:

(A.1) Eisclosedin G. (That s, E is closed relative to G).
(A.2) E is not thin at any of its points. (Such an E is called regular).

(A.3) E has empty interior, and for any compact K c E, the comple-
ment G\ K is connected.

(A4) Q is Ls.c. on E and the set {ze E: Q(z) <oo} has positive
capacity. (In particular, cap (E£) >0, though this follows from (A.2) as
well).

(A.5) For any z, € E with Q(z,) finite and for any ¢ > 0, the set

(2.3) {ze E:|Q0(z)—0(z)| <&}

is not thin at z,. (Since Q is l.s.c., this also gives

lim inf Q(z) = O(z,)).

z—2)
(A.6) Ifz, € 0G or zy = 0 is a limit point of E, then

lim  Q(z) = .

z—20,z€E
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Note that (A.1), (A4) and (A.6) imply that for any N >0, the set
{ze E: Q(z) < N} is a compact subset of G.

Remarks.

(a) If Q is admissible on E, then Q +V* is also admissible, as follows
from the properties of V'# above.

(b) All of the above are satisfied if, for example, E is a smooth arc,
possibly unbounded, and Q is piecewise continuous on FE, satisfying (A.6).

(¢) For some of our results, we do not need all of (A.1) to (A.6), and
shall point this out where relevant.

Next, we need well known results on Green equilibrium potentials: let
M,:=M,(E):={u:S, < Eand u(E)=t}.
For u e M,, consider its energy integral
I(w) :=1(u, Q)
= [[ [e(z, O+ 0(2)+ QO] du(z) du(®)

- fVﬂdﬂ+2szdu.

THEOREM 2.1. Assume (A.1), (A.4) and (A.6).

(@) There exists a unique u, € M, such that

2.9 L :=1(u):=inf{I(p): ueM,}.

Moreover, 1, is finite, and u, has finite energy:
(0<)fVﬂdﬂ,<oo.

(b) The support S,, of u, is a compact subset of G, and more precisely
for some N,

S, S{zeE:Q(z) <N}.

(c) Setting

ime(@)i=1 | 1= 0du, |
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we have
2.5) VH#(z)+ Q0(z) = c,, ge. ze€E;
2.6) Vi(z)+Q(z) <, all zeS§,,.

This measure , is called the equilibrium measure of mass t for the external
field Q, and c, is called the equilibrium (or extremal) constant.

Remark. Since t~'Q satisfies the same conditions as does Q, it suffices
to prove the theorem for # = 1. For this case, it appears in [16, Theorem
I1.5.10], but under two additional restrictions. First, instead of (A.6), it is
assumed in [16] that Q(z)—log|z| > o0 as z— oo (if E is unbounded),
while we only assumed that Q(z) — oo in this case. Second, no assumption
on Q is made in [ 16], if E has limit points on 0G. This is due to the (tacit)
agreement that the phrase ‘“closed subset £ — G” used there, actually
means that the closure of E in C still belongs to G (otherwise the result is
incorrect, if Q is bounded near 0G). Yet the proof of Theorem 1 requires
only minor modifications of that in [16], so we only indicate two places
where (A.6) comes into play.

Proof.

(a) Being l.s.c., and since Q > —oo on E, Q is bounded below on
compact subsets of E. Then (A.6) ensures that Q is bounded below on the
whole of E (and of course attains its minimum on E). Since V* >0, it
follows that the infimum in (2.4) is > —oo. That it cannot be oo, is proved
by standard methods, using (A.4). Denote this infimum by 7, (that is, /,
with £ =1).

(b) Let

Ey:={zeE:Q(z) < N}.

According to (A.6), Ey is compact and we use (A.6) again to show that for
N large enough,

2.7) I, =inf{I(n): pe M,, S, < Ey}.

t>Mu

Once we have this, the rest of the proof is exactly the same as indicated in
[16, pp. 28-29, p. 132]. To prove (2.7), it is enough in turn to show that
for N large enough,

28 8z, H+0(@)+0()>1+1, (2,0 ¢EyxEy
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(see [ 16, pp. 29-30] for deduction of (2.7) from (2.8)). But (2.8) is obvious
for large N, since g = 0, Q is bounded from below, and either Q(z) or Q(&)
is larger than N. ||

Under additional assumptions on E and Q, one can strengthen (c) of

Theorem 2.1:

THEOREM 2.2. Assume (A.1l, (A.2) and (A.4)—(A.6), that is, we only drop
the geometrical condition (A.3) on E. Then (2.5) can be refined to

2.9 Vi(z)+Q(z) = ¢, all zekE,
so that (2.6) becomes
(2.10) VE(2)+0(z) =c, all zeS,,.

Moreover, Q is continuous on S,,, and V*' is continuous and bounded on G.

Proof. This is standard. By (2.5), the exceptional set
E :={zeE:V"(z2)+0(z)<c,}

has capacity 0, so it is thin at every point of E. Then the continuity of V'#
in the fine topology (see (2.2)) together with (A.2), (A.5) ensures, for any
z, € E, the existence of {z,} = E\ E’ such that

V" +0)(z,) > V" +0)(z), n—co.

Then (2.9) follows from (2.5). Since V'* is 1.s.c., while ¢, — Q is u.s.c. (upper
semi-continuous), (2.10) shows that "** and Q are continuous on S, . Then
V*# is continuous in G (cf. [16, Thm. I1.3.5] and recall that the Green
potential of u, differs from the logarithmic potential by a harmonic func-
tion). The boundedness of V# in G follows by the maximum principle for
Green potentials (cf. [16, Cor. I11.5.9]). |

Finally, recall that for the case Q = 0, the following classical result holds:
THEOREM 2.3. Let K be a compact subset of G, with cap(K) > 0. There

exists a unique probability measure %, supported on K and such that for
some constant ¢ >0,

2.11) Vok(z)=c gqe zeKk;
(2.12) Vver(z)<c  all zeG.
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We call wS the Green equilibrium measure, for K. Furthermore if E =K
also satisfies (A.3), then

(2.13) cap(K\S,¢) =0
and the Green equilibrium measures formed for K and for S,¢ coincide. Also,

(2.(1;1) holds at every regular point of K; if K is regular, then S,c = K and
V @k is continuous in G.

The Green capacity of K (relative to G) is defined by
(2.14) capg (K)=c7,

where, of course, ¢ is as in (2.11-12).
Next, for a measure ¢ supported on E, we set

(2.15) c(o) :=c(a, Q) := mEin V°+0Q),
and
(2.16) S7:=8°(0):={z€ E:V(2)+0(z) = c(0)}.

Notice that S is a compact subset of G (by (A.1), (A.4) and (A.6)). We see
from these definitions, that the equilibrium conditions (2.9), (2.10) are
equivalent to the inclusion

(2.17) S, = S°.

Hence, under the assumptions of Theorem 2.2, (2.17) holds with o = g,
(and with ¢(o) in (2.15) equal to ¢,). Moreover, u, is the only measure in
M, that satisfies (2.17) (see [ 16, Theorem I1.5.127). Now we can formulate
the main result. It will be convenient to use the abbreviations

S, =8, 8 =8 V=V
(2.18)

t._ .G
=gy,

1= 0F ;©
and recall that ¢, coincides with ¢(y,). Thus w, is the (unweighted, classical)
Green equilibrium measure for the support S,, = S, of y,; and w’ plays the
same role for the set S* where V'* +Q =V"*+ Q attains its minimum. Also,
as 4, is not affected if we replace Q by Q+ Const, we assume that

(2.19) min 0 =0.
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THEOREM 2.4. Let Q be admissible on E and satisfy (2.19).

(@) The family {S,},., is an increasing family of sets. Moreover, if we
set

So:={zeE:Q(z) =0},

then

(2.20) So=() S.

t>0

(b) There holds
S=US<ssS.=5, t>0,

and there exists a countable set N — (0, 00) such that
cap(S'\S,) 0, t¢N.

(c) The equilibrium measure u, and the extremal constant c, have the
representations

t t 1
2.21) = L o.dv o= T dr.

(d) The external field Q has the representation

(2.22) 0(z) = j:’< ! —V“”(z))dt, ze | S.

capg S, >0

Remarks.

(a) Let

Se:=U S.

t>0

It follows from Theorem 2.2 that if S, # E, then

(2.23) 0(z) = sup {¢,—V'(2)}, ze E\S,,
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and one can assign Q an arbitrary value on E\S,, (but subject to (2.23))
without affecting the family {S,},.,. Obviously,

{z:0(z) =0} = E\S,,

but it is worth noting that there may exist z € E\ S,, with Q(z) < co.

(b) The convergence of the integral for ¢, in (2.21) implies that
capg S, cannot approach 0 too rapidly as 7 — 0+; in particular it is not
possible that

capg S, = O(71), T—->0+.

3. EXTREMAL PROPERTIES OF ¢, S,

We first establish

THEOREM 3.1. Under the assumptions of Theorem 2.2, we have
3.1 ¢, =c(y,) =sup{c(o):ce M, t<t}.

Moreover, if (A.3) is satisfied, that is, Q is admissible, then equality holds in
(3.1) only for o = u,.

Proof. For any measure ¢ on E, we have, by the definition (2.15) of
¢(a), and by Theorem 2.2:

(3.2 Ve+Q—c(o)=20=V'+0—c, on S,.
Hence
3.3 VezVitce(o)—c, on S,.

Let 7> 0 and o € M. Then by (2.12), (2.14),

T

fV“dw, =jVWz da<capG 5

Similarly by (2.11),

t
cape S,

JV’dw, =IV“” du, =
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(Note that although FE is regular, S, need not be regular, so that (2.11)
holds q.e. in S,. However u, has finite energy, hence it is C-absolutely con-
tinuous, that is, sets of capacity 0 have zero u,-measure). On integrating
(3.3) against w,, we thus obtain

G4 ¢ —c(0) > ——

capg S,

This holds for any 7, and if 7 < ¢, we get (3.1). Next, if ¢ = u,, where 7> 0,
we obtain that

l_
(3.5) ¢ —c, >
capg S;

Reversing the roles of ¢ and 7, we also get

t—1
3.6 —c < .
(36) R

(We shall use (3.5) and (3.6) later on). Assume now that 6 € M, 7 <t¢, and
c(0) = ¢,. Then (3.4) shows that 7 = ¢. Also, (3.3) then becomes

Vezv! onS,.
Integrating this against w,, we obtain as before

t
capg S,

3.7 > [V do,> [V do, =

capg S,

Hence
j V=V dw, =0,

and since the integrand is non-negative, the set
K:=S, n{zz(V°—V") (z) >0}

has w,-measure 0. On the other hand, K being an intersection of S, with
an open set (recall that V' is continuous while V7 is 1.s.c.) must have posi-
tive w,-measure, if it is non-empty. We have thus showed that K is empty,
o)

(3.8) Vi(z)=V’(z) all zeS,,.
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Now the assumption (A.3) comes into play. It implies (via the maximum
principle for harmonic functions) that strict inequality holds:

Veuz) < ,zeG\S,,.

1
capg S,

Therefore, if S, £S,,,,

j Vedw, = j Verdo < capg S,

and we obtain a contradiction to (3.7). So S, =S, and then (3.8) shows
that V7 is bounded on §,, hence has finite energy. Since we have simulta-
neously (from (3.8))

Ve<V' onsS, and Vi<V’ onlS,,

we conclude by the principle of domination for Green potentials (cf. [16,
Theorem 11.5.8]) that V’=V"in G and hence 0 = p1,. ||

Next, given a compact K = E of positive capacity, we set for ¢ > 0,

t
capg; K B

(3.9) F(K):=F(K,Q):= — [ @ doy.

This functional was introduced in [10] and it is an analogue of the so-
called F functional of Mhaskar and Saff [16, p. 194]. The latter plays an
important role in the determination of the support of the equilibrium
measure. The functional (3.9) plays a similar role in the context of this
paper—see the example in Section 5. For the following result, we recall the
notation (2.18).

THEOREM 3.2. Let K< E be compact, with cap(K)>0. Under the
assumptions of Theorem 2.2, there holds

(3.10) F,(K)<F(S,)=—c,.
Moreover, if (A.3) is also satisfied, then equality occurs in (3.10) iff
3.1D S, 8, 8"
Proof. This is very similar to the proof of Theorem 3.1. On integrating

Vi+Q>=c,inE
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against wg, we obtain

t
t —
¢ <J V'+ Q) dwg < capg K+J 0 dwg F,(K),

with equalities if K = S,. So we have (3.10). Moreover, equalities can occur
iff

(3.12) Vi+Q=c,, wg a.e.,

and

(3.13) VoK = ! a.e
’ " capg K’ # 8.8

Now as S, cannot contain isolated points (for example, by (2.12)), we see
that (3.12) must hold on a dense subset of S, , that is this subset is con-
tained in S’. Since S’ is closed, we obtain the second inclusion in (3.11).
Note that we did not use (A.3) here. Similarly, equality (3.13) must hold on
a dense subset of S,. Also, due to (A.3), we have

1
cap; K

WK

outside S, , so that the above dense subset of S, is contained in S, . Since
the latter set is closed, we conclude that S, = S,,,. |

Now, for any ¢ > 0, the set
E,:={z€eE:Q(z)<¢}

is compact, and it has positive capacity by (A.5), while min; Q =0 (recall
(2.19)). Then (3.10) gives, with K = E,,

< —F(E)< .
ct t( ) 8+CapGE

Here ¢, > 0, since it is the minimum of the non-negative function V*+ Q—
recall that the Green’s function g(z, &) is non-negative. On letting first
t — 0 and then & — 0, we obtain

(3.14) lim ¢, =0.

t—>0+
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Next, we have seen above, that the equilibrium relations (2.9), (2.10) of
Theorem 2.2 can be written in the form

(S, =)S, =8(=8").

It is easy to construct Q for which strict inclusion occurs. Then V'’ + Q may
attain its minimum on E also outside S,. This can never happen for other
o € M,. More precisely, we have

THEOREM 3.3. Let Q be admissible on E. For any measure o € M, with
T <t and g # u,, we have

(3.15) NE=
Proof. Consider the function
u(z) :=[V°(z)—c(a)]-[V'(z)—c,],

which is superharmonic in G\ S, and bounded below (V° = 0 while V' is
bounded). Furthermore, we have by (2.1), for q.e. x € 0G,

lim u(z) =0+¢,—c(g) =0,

zZ>X

the last inequality following by Theorem 3.1. Next, as V' is continuous and
Vs l.s.c., we obtain for x € §,,

liminf wu(z) > u(x)=0
z-x,zeG\S,

(recall (3.2)). Since o # u,, u is non-constant and the minimum principle
superharmonic functions yields

u(z)>0,ze G\S,.

(We need (A.3) here). Since u<0 on S (recall (2.15), (2.9)), we obtain
(3.15). 1
We conclude this section with a concavity property of the functions c,

and ¢, —V'(z), with z fixed.

THEOREM 3.4. Assume the conditions of Theorem 2.2 and fix z € G. Then
the functions ¢, and ¢, —V''(z) are concave functions of t.
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Proof. Lett=at;+(1—a)t,, where a € (0, 1) and consider the function

(3.16) uiz):=aV"(2)+(1—a) V2(z) =V(2), zeG.
By Theorem 2.2,

(3.17) u(z) zac, +(1—a) ¢, —c, ze S,

so that

juda), zouc, +(1—a)c, —c,.

On the other hand, an integration of (3.16) yields

1
[udo, <[at, +(1—a) 1,11 o5 ="
G Mt

‘We have used here the equilibrium relations of Theorem 2.3. Therefore
(3.18) ac, +(1—-a)c,,—c, <0

and the concavity of ¢, follows. Now u is superharmonic in G\S,, and
tends to 0 as z—z, €0G, at least for q.e. z,. Also, u is continuous,
bounded, and is bounded below on S, by a non-positive constant (see
(3.17), (3.18)). Hence (3.17) holds for all z € G. After substituting there u(z)
from (3.16) and rearrangement, we obtain that ¢, —V'(z) is concave. ||

4. PROOF OF THEOREM 2.4

Proof of part (a) of Theorem 2.4. We start with the proof of (2.20).
Assume that z € S,, for all £ > 0. Then as V*> 0 and Q > 0 by our assump-
tion (2.19), we obtain from (2.10) that

0<0(2) <, forall ¢>0.

Then (3.14) gives Q(z) =0, that is z € S,. This proves the inclusion

N S, S.

t>0

For the other direction, we consider two cases.
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Case 1: E is compact. Let 0 <e<t. Since E is regular, we have for all
zeE,

&

V)06 =

+0(2).

Hence the left-hand side attains its minimum on E exactly for z € S,. This
means that

4.1 Sy = S*F and c(ewg) =

capg E
(recall (2.15), (2.16)). Then the inclusion
4.2 S, =S, t>0,

follows by Theorem 3.3 (obviously ewy # u, as ¢ <¥).

Case 2: E is not compact. Then Q(z) - o0 as z— G (or as z — o).
Hence one can find a bounded open set G; with G; = G such that

0(z) =1, ze En(G\G).
We set
K:=EnG,

and note that K is a compact subset of G, and every z € K that belongs to
G, is a regular point for K. Thus, for ¢ >0,

€
cap; K

Vees(z)+Q(z) = +0(),  zeEnG,

while for z € E n (G\G),), the left-hand side is at least Q(z), thatis > 1. It
then follows, as in Case 1, that if ¢ is small enough, (4.1) holds with E
replaced by K and we deduce (4.2) as before.

Next, we prove that the family {S,} is increasing in z. We shall prove a
stronger statement, namely

4.3) S,c8'cS,,; Vt,6>0.

The first inclusion is clear (recall (2.17) and the remarks thereafter) and the
second follows from Theorem 3.3, if we replace ¢ there by t+J and take

o= |
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Proof of part (b) of Theorem 2.4. We first show that the family {x,},.,
is increasing, and continuous in the weak * sense. Both assertions follow
from the relation

(4~4) Bers— M € Ma ve, 6>0.

The proof of (4.4) is exactly the same as in [4], but we include the proof
for the reader’s convenience. Let

Q,:=V'+Q0—c,.

Then Q, is also admissible on E (see Remark (a) after the definition of
admissible Q), @, =0 on E, and Q, = 0 precisely on S*. Thus

So(Q)) =S".

Let p:= u;(Q,) be the equilibrium measure of mass ¢ for Q,. By what was
already proved, we have

S, =8 =8/(0)<S,.
(The last inclusion follows from Theorem 2.4(a)). Hence

N

wtpe

S,

us

so that the equilibrium relations for x4 can be stated as
V#+Q, =const =min (V*+Q,) ons,,, .
E
Inserting here Q,, we arrive at
Vo T

VEtk 4 O = const = min (V*T* 4+ Q) on.S§
E

This means that the measure p+py, (of mass £4+9J) is the equilibrium
measure k4, s for the original Q. Hence (4.4) follows. ||

Now let

4.5) Si_oi= U S5 8 401= m S,
<7 T>1

so that (see (4.3))

(4.6) S, 0SS, _SS,c5SS,,,
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Since u, converges weakly to u, as t — ¢ (by (4.4)), we must have

@.7) S,c S =5
<t

Next, if x € S, ., then x € S, 7 > ¢, so that
4.8) Vix)+0(x)=c, 7>t

By Theorem 3.4, both ¢, and ¢, —V*(x) are concave functions of 7, there-
fore they are continuous, and if we let in (4.8), 7 — ¢+ 0, we obtain

Vi) +0(x)=c,  Vx€S,.

This shows that S,,, = S’, and together with (4.6), (4.7), we have the first
statement of part (b), namely

S; ZﬁESHo =S

Next, by well known properties of capacities (see (15, p. 128, Theorem 5.13
(a), (b)] for a proof for classical capacities, but the same proof works for
Green capacities), we have

4.9 lim capg S, =capg S,1-

T-t+0

Since the family {S.},., is increasing, cap, S, is an increasing function of
7. Hence it is continuous if ¢ ¢ N, some countable set N. Then (4.9), (4.6)
show that for r ¢ N,

(4.10) capg S;_o =capg S, =capg S’ =capg S;,0-

Since S, = S, this implies that the Green equilibrium measure formed for
S’ coincides with that formed for S,. Therefore (see (2.13) of Theorem 2.3
and recall that we are assuming (A.3) in the present proof), we have

cap(S'\S,) =0

and this completes the proof of (b). Another consequence of (4.10) is that
fort¢ N,

4.11) w, converges weakly to w, as 7 — ¢.

Indeed, let 7, 7 ¢, n — c0. Then w, — wg,_, in the weak * sense, by Lemma
2.10 in [8, p. 154]. Moreover the proof of that lemma shows that the first
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equality of (4.10) ensures that w;_, =w,. Thus we get (4.11) provided
7—t—0. Now let 7, \ ¢, n — 00, and assume that w, converges weakly to
o. Clearly

S, =8,,.0=S"
Also,
capg S, — capg S,

Therefore the equilibrium relations (2.11), (2.12) yield (via the lower
envelope theorem and the principle of descent), that ¢ = wy. But g = wy,,
as we have already mentioned, and this completes the proof of (4.11). ||

Proof of parts (c), (d) of Theorem 2.4. By (3.5), (3.6) and the above
properties of capg S,, we obtain that

d 1

Lo te
i “ cap; S, ¢

Being concave, ¢, is absolutely continuous, and in view of (3.14), we
conclude that

co
(4.12) ¢, = L T dr.

To show that u, and Q have the desired representations, one may proceed
exactly as in [4, pp. 800-801], replacing there g, (the Green function for S,
with pole at 00), by m— V¢, in the present notation.

We suggest, however, a different proof. We shall show that for ¢, § > 0,

1
(4‘13) wt+6|s, <5[%+6|S,_.ut] Swt’

where v g denotes the restriction of the measure v to S. Based on this, we
complete the proof of Theorem 2.4 as follows. By (4.13), (with a similar
inequality for ¢ — ¢ instead of ¢), and (4.11), there holds

dp,
dt

= w,, t¢ N

Since u, is absolutely continuous in ¢ (recall (4.4)), we obtain the desired
representation

U, = Lt w, drt.



318 LEVIN AND LUBINSKY

Then the equilibrium relation (2.10) gives (see (1.6) and (4.12)) that

00 =] (g V@ Jde.  zes.

and since {S,} is increasing, while V' **(z) = -5
obtain the last statement (2.22) of Theorem 2.4. |

g.e. in S, for t>1¢, we

Proof of (4.13). For the case of logarithmic potentials this result was
proved by Totik (cf. [ 16, Theorem IV.4.9] or [17, Lemma 5.7]). The proof
is basically the same for our case, but some changes are required. Also our
notation is different from that in [16], so we provide the details. The main
ingredient is the following analogue of Theorem IV.4.5in [16].

THEOREM. Let u, v be measures of compact support in G, having finite
potentials. Assume that for some constant ¢ we have

4.14) Vi) <V(2)+c¢ Vzeg.
Let A be a subset of G in which equality holds in (4.14). Then
Via < HUya-

Assuming this theorem, we proceed as follows. Since S, = S, 5, we have,
by Theorems 2.2 and 2.3,

1
(415) (Vt—Ct)+5<Vw'+5—m >>V'+5—c,+5, q.c. in St+5'
G P+

Furthermore, equality holds q.e. in S,. Therefore, if we set

. )

a:= —————

"o ' CapG St+5

we can rewrite (4.15) as

(4.16) Vhrs LY rtooni L g qe.in S,

with equality q.e. in S,. Now, (3.5) ensures that ¢>0. Also u,.,; is
C-absolutely continuous, hence (4.16) holds g4, s a.e., and we conclude by
the principle of domination (cf. [16, Theorem II.5.8]) that (4.16) holds
everywhere in G. Since equality holds q.e. in S,, we obtain by the above
theorem that

(,u, +5COH_5) IS, < (ﬂt+5) |8+
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(Note that all measures involved are C-absolutely continuous, hence they
vanish on sets of capacity 0). So we have the first inequality in (4.13). The
proof of the second is similar: we have

(Vt—ct)+5<V("’— ><V'+’5—c,+5, g.e.in S,

capg S,
(actually equality hold g.e. in S,). On setting

0

bzzcapG St_(ct+6_ct)

we obtain that
V”,+6m, < | 2 + b’ g.e. in St

with actual equality q.e. in S,. Here » >0, by (3.6). We then continue as
before, and obtain

(:ut+(5)|S, < (ﬂt +§wt)|S,

and this is the second inequality in (4.13).

Thus it remains to prove the above theorem. Since the Green potentials
V¥ V' differ from the corresponding logarithmic ones U#, U’ by a harmo-
nic function, we see that (4.14) is equivalent to

U4z2) <U(z) +u(z), Vz e G,
where u(z) is harmonic in G. If u(z) were a constant ¢ say, this would be
Theorem IV.4.5 in [16]. However, the only property of ¢ used in the proof
of that Theorem is, that the average of ¢ over a circle centred at some point
is independent of the radius of this circle. Since harmonic functions enjoy

this property, we see that Theorem IV.4.5 actually was proved in [16] for ¢
replaced by a harmonic function. This completes the proof.

5. AN EXAMPLE

Let

G:={z:Rez>0}; E:=(0,0);
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and let O be convex. Then the convexity of Q and the convexity of the
Green function for the right-half plane guarantee that S, is a compact

interval, say,

S, =[a,, b,] = (0, ).

(This follows just as for logarithmic potentials). We place a symmetry
hypothesis on Q, which is akin to that of evenness when dealing with

logarithmic potentials:
0(x)=0(x7"),  xe(0,00).
Then the uniqueness of u, gives
ab, =1.

Nowif0<a<1,

_ K'(a®)
capg [a, a1 =capg [ 11=
where K and K’ are complete elliptic integrals:
1 dx
K(k)= s K'(k)=K(K');
jo J(1=x%) (1-k*?)
Also,
1 d
da)[a’afl] = X

K'(@) /(x*—a®) (1—a’x?)

(All these may be easily derived from Example 5.14 in [16, pp. 133-134],
by mapping G conformally onto the unit ball in such a way that [a, a~'] or
[@? 1] is mapped onto [ —a, ] for some 0 < a < 1. One uses the confor-
mal map to transform the equilibrium density w.r.t. the unit ball to that
w.r.t. G. See [11] for a very similar situation; some of the necessary

k=1

calculations appear in [1, p. 121 ff.].) Thus for the set [a, a'], F, is

—F,(a):=—F([a,a'])

K (az) dx

tK’(aZ) K’(az)j Q()/(xZ—a2)(1—a2x2)'
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If we take
o(x) :=x+x7",

then
T a1

K,’zk) { tK(k)+\/II; }

with k := a® Differentiating with respect to k and setting = 0 gives

5.1) [ dK 1 1 }dK’

t— dk 2k3/2 ]K (k)— I:tK(k)+7I; WZ
Since [5, 8.123.2, p. 907]

dKk E K
dk — kk® K

s
E(k) :2,[0 1_—x2 dx

is the complete elliptic integral of the second kind, we also obtain

where

P Lk SR Fe

dK' dk’ k(E K
dk dk' k

Then (5.1) can be rearranged to

JE Ky U ) (e VN[E KR
kk’z k k3/2 \/]; kklz klZ -
or

1
t—[EK'+E'K—KK'
i LEK + ]

K242k E 14k E

=K 21322 _k3/2k'2 =K 2k3/2k,2_k3/2k;2'
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Since the term in [] in the left-hand side is =/2 [5, 8.122, p. 907], we
obtain that the defining equation for q, is

1+k2 E’
m=K’—+ =a?

NN

that is,

nt =a,K'(a;) (a;” +a;)—2E'(a7)/a,.
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